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Form factors of pion and kaon

Jun Gao and Bing An Li
Department of Physics and Astronomy, University of Kentucky, Lexington, Kentucky 40506

~Received 22 November 1999; published 8 May 2000!

In addition to the vector meson poles in the form factors of charged pions and kaons additional intrinsic form
factors of pions and kaons are found. A detailed study of the form factors of pions and kaons in both timelike
and spacelike regions is presented. Theory agrees well with data up toq;1.4 GeV. In this study there is no
adjustable parameter.

PACS number~s!: 13.40.Gp, 12.40.Vv, 14.40.Aq
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The form factor is a very important physical quantity
understanding the internal structure of hadrons. Vector
son dominance~VMD ! @1# is successful in studying electro
magnetic interactions and the vector part of the weak in
actions of mesons. According to VMD the pion form fact
is determined by ar-meson pole@2#. Generally speaking, the
r pole fits the data well. However, a detailed study sho
that there is a deviation between the experimental data o
pion form factor and ther pole. The electromagnetic radiu
of charged pion has been determined to be@3#

^r 2&p
exp5~0.43960.03! fm2, ~1!

whereas the result obtained from ther-pole is

^r 2&p
r pole50.391 fm2. ~2!

In Ref. @4# a comparison between the measurements and
r pole @2# of the pion form factor is presented. Figure 6.3
Ref. @4# shows that ther pole @2# decreases a little bit faste
in the timelike region and slower in the spacelike region. T
experiments show that, in addition to ther pole, maybe an
additional form factor is needed.

Based on ’t Hooft’s arguments that in largeNC limit QCD
is equivalent to a meson theory@5# an effective chiral theory
of large NC QCD of mesons has been proposed@6#. It has
been shown that the tree diagrams of mesons are at lea
orders and the loop diagrams of mesons are at higher or
in large NC expansion. In the chiral limitmq→0, the La-
grangian of this theory in the case of two flavors takes
form

L5c̄~x!@ ig•]1g•v1g•ag52mu~x!#c~x!

1
1

2
m0

2~r i
mrm i1vmvm1ai

mam i1 f m f m!, ~3!

wheream5t iam
i 1 f m , vm5t irm

i 1vm , and u5exp$ig5(tipi

1h)%; m is a parameter;u can be written as

u5
1

2
~11g5!U1

1

2
~12g5!U1,

U5exp$ i ~t ip i1h!%.

The photon A, W, and Z fields can be incorporated to
Lagrangian as well. In terms of the path integral the effect
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Lagrangian of mesons is obtained by integrating out
quark fields. All the details can be found in Ref.@6#. The
effective Lagrangian has been applied to study meson p
ics @7,8#. Theoretical results agree well with the data.

VMD is a natural result of this theory@6# and the expres-
sions of VMD (r, v, andf) are derived:

1

2
eg$2 1

2 Fmn~]mrn
02]nrm

0 !1Am j m
0 %,

1

6
eg$2 1

2 Fmn~]mvn2]nvm!1Am j m
v%,

2
1

3A2
eg$2 1

2 Fmn~]mfn2]nfm!1Am j m
f%, ~4!

whereg is a universal coupling constant in this theory a
has been determined to be 0.39 by fittingr→ee1 @G th

56.53 keV andGex5(6.7760.32) keV#. The currentj m
0 is

derived from the vertex ofrpp @6#,

Lrpp5
2

g
f rpp~q2!e i jkr i

mp j]mpk , ~5!

by substituting

rm
0 → 1

2
egAm

into Eq. ~5!, where

f rpp~q2!511
q2

2p2f p
2 F S 12

2c

g D 2

24p2c2G
5110.243~q2/GeV2! ~6!

wherec5 f p
2 /(2gmr

2) , f p50.186 GeV,mr50.773 GeV and
q is the momentum ofr meson.f rpp(q2) is determined up
to the fourth order in derivatives. It is necessary to emp
size that the VMD~4! is derived from this theory, however
the rpp coupling in this theory is no longer a constan
There is a functionf rpp(q2) in the vertexLrpp . f rpp(q2) is
the intrinsic form factor of the pion. The intrinsic form facto
is the physical effect of quark loops. There are intrinsic fo
factors for kaons too~see below!. In this paper we apply
©2000 The American Physical Society06-1
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VMD ~4! in which an intrinsic form factor is included to
study form factors of pions and kaons. A detailed compa
son between theoretical results of the form factors and
perimental data in both timelike and spacelike regions is p
sented.

VMD ~4! shows that the pion form factor is determine
by two Feynman diagrams shown in Fig. 1 and obtain
from Eqs.~4!–~6!

uFp~q2!u25 f rpp
2 ~q2!

mr
41q2Gr

2~q2!

~q22mr
2!21q2Gr

2~q2!
~7!

in the time-like region, whereGr(q2) is the decay width ofr
meson.

Gr~q2!5Gr0→p1p2~q2!1Gr0→KK̄~q2!,

Gr0→p1p2~q2!5
f rpp

2 ~q2!Aq2

12pg2 S 12
4mp1

2

q2 D 3/2

3u~q2.4mp1
2

!,

Gr0→KK̄~q2!5
f rpp

2 ~q2!Aq2

48pg2 S 12
4mK1

2

q2 D 3/2

3u~q2.4mK1
2

!1
f rpp

2 ~q2!Aq2

48pg2

3S 12
4mK0

2

q2 D 3/2

u~q2.4mK0
2

!, ~8!

FIG. 1. Feynman diagrams of pion form factor.
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when q2.4mK1
2 the KK̄ channel is open. There are oth

channels, however, in the range ofAq2,1.4 GeV the con-
tribution of the other channels is negligible. In the spacel
region the pion form factor is

Fp~q2!5
mr

2f rpp~q2!

mr
22q2

. ~9!

From Eqs.~7! and~9! it can be seen that the pion form facto
consists of two parts: the intrinsic form factorf rpp(q2) ~6!
and ther pole. The expression off rpp(q2) shows that in the
timelike regionf rpp(q2) increases withq2 and in the space-
like region it decreases withq2. As mentioned above this
behavior is needed to fit the data.

In the timelike region the pion form factor has been me
sured inee1→pp andt→ppn. The cross section ofee1

→p1p2 is expressed as

s5
pa2

3

1

q2 S 12
4mp1

2

q2 D 3/2

uFp~q2!u2. ~10!

Taking r-v mixing into account we obtain

Fp~q2!5 f rpp~q2!S 12
q2 cosu

q22mr
21 iAq2Gr~q2!

2
1

3

q2 sinu

q22mv
2 1 iAq2Gv

D , ~11!

whereu is the mixing angle and determined to be 1.74°
Ref. @6#. From Eq.~11!, the pion form factor withr-v mix-
ing in the spacelike region is obtained:

FIG. 2. Cross section ofe1e2→p1p2 vs invariant mass of
pp. Data are from Ref.@12#.
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Fp~q2!5 f rpp~q2!S 12
q2 cosu

q22mr
2

2
1

3

q2 sinu

q22mv
2 D . ~12!

The comparison of the cross section~10!, the form factor of
the pions in both timelike and spacelike regions~11!,~12!
with data are shown in Figs. 2–5. Up toAq251.4 GeV, the
channelr→pp is dominant and the contribution of theKK̄
mode is very small. The intrinsic form factorf rpp(q2) plays
a more important role in the range of higherq2. Using Eq.
~8!, we obtainGr5143.2 MeV which fits the data well~see
Figs. 2 and 3!. f rpp

2 (q2)51.31 at q25mr
2 , therefore, the

intrinsic form factor makes significant contribution toGr . In
Ref. @9# a fitting of r resonance toee1→pp has been pre-
sented. The radius of charged pion is found from Eq.~12!

^r 2&p56S cosu

mr
2

1
sinu

3mv
2 D 1

3

p2f p
2 F S 12

2c

g D 2

24p2c2G .
~13!

FIG. 3. Pion form factor in a timelike region. Data are fro
@12#.

FIG. 4. Pion form factor in a spacelike region. Data are fro
@13#.
11300
The numerical result is

^r 2&p5~0.39510.057! fm250.452 fm2, ~14!

where the first number 0.395 comes fromr andv poles and
the second is the contribution of the intrinsic form factor~6!,
which is about 13% of the total value. The experimental d
is (0.43960.03) fm2 @3#.

In terms of the method presented in Ref.@7#, the decay
rate oft→ppn is derived

dG

dq2
5

G2

~2p!3

cos2uC

48mt
3 ~mt

212q2!~mt
22q2!2

3S 12
4mp

2

q2 D 3/2

uFp~q2!u2, ~15!

whereFp(q2) is given by Eq.~7!. In Ref. @10# it is shown
that the form factorFp(q2) determined fromt decay is con-
sistent with the one obtained fromee1 annihilation. The
branching ratio is calculated to be

Bt2→p0p2nt
522.3%. ~16!

The experimental data areBt2→p0p2nt
5(25.3260.15)%

@11#.
In the same way the form factors of charged and neu

kaons are studied. All three vector mesons,r, v, and f,
contribute to the form factors of kaons. Using the substi
tions

fm→2
eg

3A2
Am , vm→ eg

6
Am , ~17!

FIG. 5. Pion form factor in a spacelike region.
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the currentsj m
v,f of Eq. ~4! are obtained from the vertices@6#

LvKK̄52
2A2

g
i f rpp~q2!fm~K1]mK21K0]mK̄0!

1
2

g
i f rpp~q2!vm~K1]mK21K0]mK̄0!

1
2

g
i f rpp~q2!rm~K1]mK22K0]mK̄0!. ~18!

The cross sections ofe1e2→K1K2 ande1e2→K0K̄0 are
derived

se1e2→K1K25
pa2

3

1

q2 S 12
4mK1

2

q2 D 3/2

uFK1u2,

se1e2→K0K̄05
pa2

3

1

q2 S 12
4mK0

2

q2 D 3/2

uFK0u2, ~19!

where

uFK1~q2!u25 f rpp
2 ~q2!uAu2, ~20!

uFK0~q2!u25 f rpp
2 ~q2!uBu2. ~21!

A andB are defined as

A5
1

2

2mr
21 iAq2Gr~q2!

q22mr
21 iAq2Gr~q2!

1
1

6

2mv
2 1 iAq2Gv

q22mv
2 1 iAq2Gv

1
1

3

2mf
2 1 iAq2Gf~q2!

q22mf
2 1 iAq2Gf~q2!

, ~22!

B52
1

2

2mr
21 iAq2Gr~q2!

q22mr
21 iAq2Gr~q2!

1
1

6

2mv
2 1 iAq2Gv

q22mv
2 1 iAq2Gv

1
1

3

2mf
2 1 iAq2Gf~q2!

q22mf
2 1 iAq2Gf~q2!

, ~23!

with

Gf~q2!5Gf→K1K2~q2!1Gf→K0K̄0~q2!,

Gf→K1K2~q2!5
Aq2

24g2p
f rpp

2 ~q2!S 12
4mK1

2

q2 D 3/2

,

Gf→K0K̄0~q2!5
Aq2

24g2p
f rpp

2 ~q2!S 12
4mK0

2

q2 D 3/2

.

~24!

The numerical results are

G~f→K1K2!52.14 MeV,

G~f→K0K̄0!51.4 MeV,
11300
G~f→K1K2!exp52.18~160.028! MeV,

G~f→K0K̄0!exp51.51~160.029! MeV.
~25!

f rpp
2 (q2)51.57 atq25mf

2 . The contribution of the intrinsic
forn factor is significant. Theoretical results ofGf agree with
the data very well.Gv has been calculated to be 7.7 MeV@7#
which is consistent with the data 7.49 (160.02) MeV.

The cross sections ofee1→KK̄ and the form factors of
kaons in timelike region are shown in Figs. 6–9.

The form factors of kaons in spacelike region are obtain
from Eqs.~20!–~23!

FK1~q2!5 f rpp~q2!S 1

2

mr
2

mr
22q2

1
1

6

mv
2

mv
2 2q2

1
1

3

mf
2

mf
2 2q2D ,

FK0~q2!5 f rpp~q2!S 2
1

2

mr
2

mr
22q2

1
1

6

mv
2

mv
2 2q2

1
1

3

mf
2

mf
2 2q2D . ~26!

The form factor,FK1(q2), is shown in Fig. 10. The radius o
the charged kaon is derived from Eq.~26!

^r 2&K15
3

p2f p
2 F S 12

2c

g D 2

24p2c2G1S 3

mr
2

1
2

mf
2

1
1

mv
2 D .

~27!

FIG. 6. Cross section ofe1e2→K1K2 vs invariant mass of
KK. Data are from@14,15#.
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The numerical value is

^r 2&K15~0.0510.33! fm250.38 fm2. ~28!

The first number comes from the intrinsic form factor. T
experimental data is~0.3460.05! fm2 @16#. The radius of the
neutral kaon is obtained from Eq.~26!

FIG. 7. Cross section ofe1e2→K0K̄0 vs invariant mass of KK.
Data are from@14,15#.

FIG. 8. Charged kaon form factor in a timelike region. Data a
from @14–16#.
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^r 2&K0526
]FK0~q2!

]q2
uq250

52
2

mf2

2
1

mv
2

1
3

mr
2

50.057 fm2. ~29!

Only the coupling ofrKK̄ in Eq. ~18! contributes tot2

→K0K2n. The decay rate is found to be

FIG. 9. Neutral kaon form factor in a timelike region. Data a
from @14–16#.

FIG. 10. Charged kaon form factor in a spacelike region.
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dG

dq2
5

G2

~2p!3

cos2uC

96mt
3 ~mt

212q2!~mt
22q2!2

3S 12
4mK

2

q2 D 3/2

uFp~q2!u2, ~30!

whereFp(q2) is given by Eq.~7!. The theory predicts tha
the decay rate of this process is determined by the pion f
factor in the chiral limit. So far there is no measurement
this distribution. The branching ratio of this decay mode
calculated to be

Bt2→K0K2nt
51.7831023. ~31!

The experimental data is (1.5960.24)31023 @11#. Theory
agrees with the data within the error bar.

In summary, VMD derived from the chiral theory@6# has
t

11300
m
n
s

been applied to study the form factors of pions and kao
An intrinsic form factor has been predicted by this chir
theory @6#. It has been found that this intrinsic form facto
makes significant contribution to the form factors of pio
and kaons, the decay widths ofr and f mesons, and the

decayst→ppn andt→KK̄n. The theory agrees well with
the data. It is necessary to point out that there is no n
parameter in this study. In this theory derivative expansion
used and all the calculations are done up to the fourth o
in derivatives. The fitting shows that the pion form factor
in agreement with data up toq;1.4 GeV in the timelike
region~Figs. 2, 3!. In the range of higherq2 the contribution
of higher order derivatives should be taken into account.
will provide the study in the near future.

The study is supported by DOE grant No. DE
91ER75661.
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